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Abstract: In this paper we study the renormalization of the product of two operators
O1 = −
1
4G
µνGµν in QCD. An insertion of two such operators O1(x)O1(0) into a Greens
function produces divergent contact terms for x→ 0.
In the course of the computation of the operator product expansion (OPE) of the correlator
of two such operators i
∫
d4x eiqxT{O1(x)O1(0)} to three-loop order [1, 2] we discovered
that divergent contact terms remain not only in the leading Wilson coefficient C0, which
is just the VEV of the correlator, but also in the Wilson coefficient C1 in front of O1. As
this correlator plays an important role for example in QCD sum rules a full understanding
of its renormalization is desireable.
This work explains how the divergences encountered in higher orders of an OPE of this
correlator should be absorbed in counterterms and derives an additive renormalization
constant for C1 from first principles and to all orders in perturnbation theory. The method
to derive the renormalization of this operator product is an extension of the ideas of [3]
and can be generalized to other cases.
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1 Introduction: The scalar gluonic operator O1 and its correlator
Local operators, i.e. products of fields at the same point in space-time, play an important
role in quantum field theory (QFT) as they serve as building blocks for Lagrangians and
Greens functions. The bilocal correlator of two such local operators is an important object
in applications of QFT, such as sum rules. In this paper we study the renormalization of
the scalar gluonic operator
O1(x) := −
1
4
Ga µνGaµν(x) (1.1)
constructed from the field strength tensor of QCD
Gaµν = ∂µA
a
ν − ∂νA
a
µ + gsf
abcAbµA
c
ν . (1.2)
The operator (1.1) appears in the massless QCD Lagrangian
L =−
1
4
GaµνG
a µν −
1
2λ
(∂µA
a µ)2 + ∂ρc¯
a∂ρca + gsf
abc∂ρc¯
aAbcc
+ ψ¯
(
i
2
←→
/∂ −m
)
ψ + gsψ¯ /A
a
T aψ
(1.3)
where T a are the generators and fabc the structure constants of the gauge group.
A renormalized version of this operator, i.e. one which gives finite results if inserted into a
Greens function, was obtained in [3, 4]. If we only consider matrix elements with physical
external states and m = 0 it can be renormalized multiplicatively:
[O1] = Z11O
B
1 = −
Z11
4
GB aµνGB aµν (1.4)
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where [. . .] marks the renormalized operator and the index B bare quantities, which means
that all fields and couplings are replaced by bare ones. The renormalization constant
derived in [3, 4]
Z11 = 1 + αs
∂
∂αs
lnZαs =
(
1−
β(αs)
ε
)−1
(1.5)
can be expressed through the beta function
β(αs) = µ
2 d
dµ2
lnαs = −
∑
i≥0
βi
(
αs
pi
)i+1
(1.6)
and at first order in αs is equal to the renormalization constant for αs: Z11 = Zαs+O(α
2
s ).
The bilocal correlator of this operator is defined as
Π̂GG(q2) := i
∫
d4x eiqxT{ [O1](x)[O1](0)} = i Z
2
11
∫
d4x eiqxT{OB1 (x)O
B
1 (0)}, (1.7)
The OPE of the correlator (1.7) (considering only scalar operators) reads
Π̂GG(q2) = q4CGG0 (q
2) 1 + CGG B1 (q
2)OB1 +
∑
i
CGG Bi (q
2)OBi + O
(
1
q2
)
(1.8)
= q4CGG0 (q
2) 1 + CGG1 (q
2) [O1] +
∑
i
CGGi (q
2)[Oi] + O
(
1
q2
)
,
where the sum goes over a set of mass dimension four operators which form a suitable
basis together with OB1 or [O1] (see section 2). For sum rules (see e.g. [5]) we are usually
interested in the vacuum expectation value (VEV) of the correlator
q4ΠGG(q2) = 〈0|Π̂GG(q2)|0〉 (1.9)
for large Euclidean momenta −q2 ≫ 0. As the VEV of unphysical operators1 vanishes we
can restrict ourselves to physical operators.
CGG0 is known at four-loop level from [6] and C
GG
1 at three-loop level from [2]. In [1, 2]
it was discovered, however, that the described renormalization procedure does not yield a
finite result for CGG1 starting from two-loop level. These divergent terms are proportional to
δ(4)(x) in x-space and hence stem from the point where both operators O1 in the correlator
(1.7) are at the same point x = 0. For this reason they are called contact terms.2
The complete renormalization of the operator product of two O1 is also desirable for phe-
nomenological applications in effective theories. An important example is double Higgs
production in the framework of an effective theory with mt → ∞. Having integrated out
the top loops the resulting vertices are ∝ O1H and ∝ O1HH, where H is the Higgs field
(see e.g. [8]). the new renormalization constant ZL11 defined below in (3.4) will be needed in
1These are gauge dependent operators or operators which vanish due to equations of motion.
2In the case of the correlator of the pseudoscalar operator O˜1(x) := G
aµνGa ρσεµνρσ it was proven in
[7] that no contact terms can apear in C1 which was explicitly confirmed in a three-loop calculation of this
quantitiy in the same paper.
– 2 –
a counterterm ∝ O1HH if two effective vertices ∝ O1H are inserted into two-loop diagrams
with two external gluons, i.e. starting at one loop-order higher than the results presented
in [8].
The paper is structured as follows: In section 2 the renormalization of Greens functions with
one insertion of O1 is reviewed following the ideas of [3]. This method is then extended
in section 3 in order to renormalize the product of two such operators followed by the
application of the found result to the OPE (1.8) in section 3 explaining the contact term
in CGG1 [1, 2]. We finish with some conclusions and acknowledgments.
2 Renormalization of O1
For the purpose of this and the next section we rescale the field Aaµ →
Aaµ
g transforming
(1.3) into
L =−
1
4g2s
GaµνG
a µν −
1
2λg2s
(∂µA
aµ)2 + ∂ρc¯
a∂ρca + fabc∂ρc¯
aAbcc
+ ψ¯
(
i
2
←→
/∂ −m
)
ψ + ψ¯ /A
a
T aψ
(2.1)
with the rescaled field strength tensor
Gaµν = ∂µA
a
ν − ∂νA
a
µ + f
abcAbµA
c
ν . (2.2)
We define the renormalization prescriptions
AB aµ = A
a
µ
Z1
Z3
, cB a = ca
√
Z˜3, ψ
B = ψ
√
Z2, m
B = mZm, g
B
s = gs
Z1
Z
3/2
3
≡ gsZg,
(2.3)
where Z2g = Zαs with αs =
g2s
4pi . Hence
AB aµ
gBs
=
Aaµ
gs
√
Z3 (2.4)
which is just the renormalization procedure for Aaµ in the original Lagrangian (1.3). Z1,
Z2, Z3, Z˜3 and Zm are therefore the usual renormalization constants of QCD.
3 The bare
Lagrangian reads
LB =−
1
4(gBs )
2
GB aµνG
B aµν −
1
2λZ3 (gBs )
2
(∂µA
B a µ)
2
+ ∂ρc¯
B a∂ρcB a
+ fabc∂ρc¯
B aAB bcB c + ψ¯B
(
i
2
←→
/∂ −mB
)
ψB + ψ¯B /A
aB
T aψB.
(2.5)
Finite results for Greens functions are usually obtained by applying the R-Operation (see
e. g. [9, 10]) to the unrenormalized Greens function or equivalently by using the bare
3The same as with unrescaled Aaµ and the definition A
B a
µ = A
a
µ
√
Z3.
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Lagrangian in which a counterterm for every operator in the Lagrangian is defined. Finite
Greens functions are derived from the generating functional of the path integral formalism
ZR = R
∫
dΦ ei
∫
d4x (L+J ·Φ) (2.6)
=
∫
dΦ ei
∫
d4x (LB+J ·Φ) (2.7)
with the multiplets of all fields in the Lagrangian and the respective external currents
Φ := (
Aµ
gs
, c¯, c, ψ¯, ψ), J := (Jµ, Jc¯, Jc, Jψ¯, Jψ) (2.8)
and the integration measure
dΦ := dAµ dc¯dcdψ¯ dψ. (2.9)
A finite Greens function with the insertion of a local operator O˜i(q) =
∫
d4x eiqxOi(x) is
obtained as
ZROi(q) = R
∫
dΦ O˜i(q) e
i
∫
d4x(L+JΦ) (2.10)
which can also be written in terms of the bare Lagrangian and a superposition of bare local
operators
ZROi = Zij
∫
dΦ O˜Bj (q) e
i
∫
d4x(LB+JΦ) (2.11)
In MS-like schemes the renormalization constants for these operators do not depend on q
and hence we set q = 0. The important point now is that in renormalization schemes based
on minimal subtraction the R-Operation commutes with the operation of taking derivatives
wrt the parameters of the theory gs, λ, . . . and wrt external currents. An operator insertion
of O˜1 ≡ O˜1(0) in a Greens function can be obtained [3] by applying the operation
D1 :=
1
i
(
λ
∂
∂λ
−
1
2
gs
∂
∂gs
−
1
2
Jµ
δ
δJµ
)
(2.12)
to (2.6):
D1 Z
R = D1 R
∫
dΦ ei
∫
d4x (L+J ·Φ) = R D1
∫
dΦ ei
∫
d4x (L+J ·Φ) (2.13)
= R
∫
dΦ O˜1 e
i
∫
d4x (L+J ·Φ)
Using the representation (2.7) of ZR we find that this equals
D1 Z
R =
∫
dΦ
{(
λ
∂
∂λ
−
1
2
gs
∂
∂gs
)
LB
}
ei
∫
d4x (LB+J ·Φ) (2.14)
=
∫
dΦ
{
5∑
i=1
Z1iO˜
B
i
}
ei
∫
d4x (LB+J ·Φ) (2.15)
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A suitable basis of mass dimension four operators was given in [3]:
O1 = −
1
4g2s
Ga µνGaµν , (2.16)
O2 = mψ¯ψ, (2.17)
O3 = ψ¯
(
i
2
←→
/∂ −m
)
ψ, (2.18)
O4 = A
a
ν
{(
δab∂µ − gf
abcAcµ
)
Gb µν + ψ¯T aγνψ
}
(2.19)
− (∂µc¯a) (∂
µca) ,
O5 =
{(
δab∂µ − f
abcAcµ
)
∂µc¯a
}
cb. (2.20)
Using (2.14) and collecting the coefficients in (2.15) we find the renormalization constants
Z1i. The second line of (2.13) gives us the renormalized operator [O1], such that from
(2.13) and (2.15) we have [O1] = Z1jO
B
j . Similarly the renormalization constants for the
other operators
[Oi] = ZijO
B
j . (2.21)
are derived:
Zij = δij +Di lnZj (i, j ∈ {1, . . . , 5}) (2.22)
with
D1 = λ
∂
∂λ
− αs
∂
∂αs
, D2 = −m
∂
∂m
, D3 = 0, D4 = 2λ
∂
∂λ
, D5 = 0, (2.23)
Z1 = Z
−1
α , Z2 = Z
−1
m , Z3 = Z2, Z4 = Z1Z
−1
3 , Z5 = Z3Z
−1
1 . (2.24)
These were first found in [3] and rederived for this study.4 The gauge-invariant operators
(2.16) and (2.17) are physical operators of class I according to the classification from [3, 11].
In physical matrix elements the class I operators do not vanish whereas the gauge-invariant
class IIa operator (2.18) vanishes due to an equation of motion. The non gauge-invariant
operators (2.19) and (2.20) are of class IIb and vanish due to a BRST identity in physical
matrix elements. Hence in the massless case O1 is renormalized multiplicatively with Z11
as given in (1.5). In the following we set m = 0.
3 Renormalization of the product of two operators O1
We now want to apply this procedure in order to derive the renormalization constants for
the insertion of two operators O˜1 into a Greens function. First (using (2.13)) we notice
that
D1 D1 Z
R + iD1 Z
R = R
∫
dΦ O˜1 O˜1 e
i
∫
d4x (L+J ·Φ). (3.1)
4For the coefficients of the unphysical operators an additional “counting identity” is needed for which
we refer to [3].
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On the other hand
(D1 D1 + iD1) Z
R = (D1 D1 + iD1)
∫
dΦ ei
∫
d4x (LB+J ·Φ)
= (D1 + i)
∫
dΦ
{
5∑
i=1
Z1iO˜
B
i
}
ei
∫
d4x (LB+J ·Φ)
=
5∑
i,j=1
Z1iZ1j
∫
dΦ O˜Bi O˜
B
j e
i
∫
d4x (LB+J ·Φ) (3.2)
+
5∑
i=1
((D1Z1i) + iZ1i)
∫
dΦ O˜Bi e
i
∫
d4x (LB+J ·Φ)
+
5∑
i=1
Z1i
∫
dΦ
(
D1O˜
B
i
)
ei
∫
d4x (LB+J ·Φ).
This means that appart from the expected term
5∑
i,j=1
Z1iZ1jO
B
i O
B
j = [O1][O1] linear (L)
terms of the form i
∑
i
ZL1iO
B
i with new renormalization constants Z
L
1i will in general con-
tribute to the renormalization of an operator product:
[O1(x)O1(0)] = [O1(x)][O1(0)] + iδ(x)
∑
i
ZL1iO
B
i (0). (3.3)
A renormalized correlator should hence be defined as
i
∫
d4x eiqxT{ [O1(x)O1(0)]} = i
∫
d4x eiqxT{ [O1(x)][O1(0)]} −
∑
i
ZL1iO
B
i . (3.4)
We can again compute the first or second line of (3.2) and collect all fields and renor-
malization constants into local operators. In order to simplify the calculation we note
that ∫
d4xLB =
∫
d4x
(
OB1 (x) +O
B
3 (x)−O
B
5 (x)−
1
2λg2s
(∂µA
a µ(x))2
)
. (3.5)
From (2.14) and (2.15) we find
D1
(
O˜B1 + O˜
B
3 − O˜
B
5
)
=
∑
i
Z1iO˜i (3.6)
We solve this for D1
(
O˜B1
)
and plug it into the last three lines of (3.2). Then we discard all
unphysical operators as well as their derivatives wrt to gs and λ as these will not contribute
to physical matrix elements.5 This yields the result
ZL11 =
g2s
2
Z ′′g (gs)
Zg
−
3g2s
2
(
Z ′g(gs)
Zg
)2
−
gs
2
Z ′g(gs)
Zg
(3.7)
= −2α2s
(
Z ′αs(αs)
Zαs
)2
+ α2s
Z ′′αs(αs)
Zαs
. (3.8)
5For a full set of renormalization constants including the unphysical ones it is necessary to extend the
set of unphysical operators as not all derivatives of OB3 , O
B
4 , O
B
5 wrt gs and λ can be reabsorbed in exactly
these operators.
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We showed that the idea of [3] for the derivation of renormalization constants for dimension
four operators can also be used for the derivation of renormalization constants of two such
operator insertions. This method can be used for any operator as long as a combination
of derivatives wrt to external currents and parameters of the theory exists which produces
an insertion of this operator into a Greens function starting from the generating functional
ZR of the theory. In general, care has to be taken that contributions to different physical
and unphysical operators are separated. Here we considered only one physical operator
and discarded the unphysical ones.
Note that the procedure of inserting zero-momentum operators into ZR will produce only
renormalization constants which are momentum independent and do not vanish for q → 0.
Hence we do not find a counterterm here which absorbs the contact terms in CGG0 of (1.8).
Such a counterterm Z0 is ∝ q
4 in momentum space. Accounting for this we can complete
(3.4) and (3.3):
i
∫
d4x eiqxT{ [O1(x)O1(0)]full} = i
∫
d4x eiqxT{ [O1(x)][O1(0)]} −
∑
i
ZL1iO
B
i − q
4Z0, (3.9)
[O1(x)O1(0)] = [O1(x)][O1(0)] + iδ(x)Z
L
1iO
B
i (0) + i
2
xδ(x)Z0. (3.10)
But deriving Z0 from first principles is not within the reach this method.
4 Application to the OPE of the O1O1−correlator
In [1, 2] the Wilson coefficient CGG1 (q
2) was computed using the method of projectors
[12, 13]. A projector P is applied to both sides of (1.8) which has the property P{OB1 } = 1
and P{OBi } = 0 for i 6= 1. Thus we computed the bare Wilson coefficient via
P{i
∫
d4x eiqxT{ [O1](x)[O1](0)}} =
∑
i
CBi (q)P{O
B
i } ≡ C
B
1 (q). (4.1)
with the projector P defined as:6
CB1 (q) =
δab
ng
gµ1µ2
(D − 1)
1
D
∂
∂k1
·
∂
∂k2

k1 k2
gB gB µ2µ1
a b

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
ki=0
, (4.2)
where the blue circle represents the the sum of all bare Feynman diagrams which become
1PI after formal gluing (depicted as a dotted line in (4.2)) of the two external lines repre-
senting the operators on the lhs of the OPE. These external legs carry the large Euclidean
momentum q. If we use the fully renormalized current (3.4) we find
P{i
∫
d4x eiqxT{ [O1(x)O1](0)}} =
∑
i
CBi (q)P{O
B
i }−
∑
i
ZL1iP{O
B
i } ≡ C
B
1 (q)−Z
L
11 (4.3)
6The Feynman diagram was drawn with the Latex package Axodraw [14].
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and using (1.4) we find a fully renormalized Wilson coefficient as
Cren1 =
1
Z11
CB1 (q)−
ZL11
Z11
(4.4)
From (1.5) and (3.7) we compute7
ZL11
Z11
=
a2s
ε
[
−
17C2A
24
+
5CAnfTF
12
+
CFnfTF
4
]
(4.5)
+
a3s
ε
[
1415C2AnfTF
864
−
2857C3A
1728
+
205CACFnfTF
288
−
79CAn
2
fT
2
F
432
−
C2FnfTF
16
−
11CFn
2
fT
2
F
72
]
+
a3s
ε2
[
−
89C2AnfTF
144
+
187C3A
288
−
11CACFnfTF
48
+
5CAn
2
fT
2
F
36
+
CFn
2
fT
2
F
12
]
which is exactly the contact term observed in [1, 2]. Using
αs
Z ′αs(αs)
Zαs
= −
β(αs)
β(αs)− ε
(4.6)
we arrive at
ZL11
Z11
= −a2s
β1
ε
+ a3s
(
β0β1
ε2
−
2β2
ε
)
+ a4s
(
−
β20β1
ε3
+
β21 + 2β0β2
ε2
−
3β3
ε
)
+O(α5s ) (4.7)
and as already suspected in [2] the contact term
ZL
11
Z11
or ZL11 can indeed be expressed through
the QCD β-function to all orders, namely
ZL11 =
1
ε
−β(αs) + αsβ
′(αs)(
1− β(αs)ε
)2 = 1ε
(
1−
β(αs)
ε
)−2
α2s
∂
∂αs
[
β(αs)
αs
]
, (4.8)
ZL11
Z11
=
1
ε
−β(αs) + αsβ
′(αs)
1− β(αs)ε
=
1
ε
(
1−
β(αs)
ε
)−1
α2s
∂
∂αs
[
β(αs)
αs
]
. (4.9)
Following the prescription of [17] we can derive the anomalous dimensions of the Wilson
coefficients of the correlator (3.9) written as8
Π̂GG
full
:= iZ211
∫
dDx eiqxT{OB1 (x)O
B
1 (0)} − Z
L
11O
B
1 − (µ)
−2q4Z0, (4.10)
We find
µ2
d
dµ2
Π̂GG
full
= 2γ11 µ
2 d
dµ2
Π̂GG
full
+ γL11 [O1] + γ0 q
4
(
µ−2ε
)
(4.11)
7For this we need the QCD β-function at three-loop order [15, 16]. All given results are in the MS-
scheme. We define as =
αs
pi
=
g2s
4pi2
and lµq = ln
(
µ2
−q2
)
, where µ is the MS renormalization scale. The number
of active quark flavours is denoted by nf , CF and CA are the quadratic Casimir operators of the quark and
the adjoint representation of the gauge group and ng is the dimension of the adjoint representation. TF is
defined through the relation Tr
(
T aT b
)
= TF δ
ab.
8The renormalization scale µ, which was omitted before for convenience, is carefully reintroduced.
D = 4− 2ε is the space-time dimension and OB1 (x) has mass dimension D.
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and the anomalous dimensions are found to be
γ11 = µ
2 d logZ11
dµ2
, (4.12)
γL11 =
(
−µ2
dZL11
dµ2
+ 2γ11Z
L
11
)
1
Z11
, (4.13)
γ0 = −µ
2dZ0
dµ2
+ (2γ11 + ε)Z0. (4.14)
Applying these equations and the the well-known relation
µ2
d
dµ2
= αs (β(αs)− ε)
∂
∂αs
+ µ2
∂
∂µ2
(4.15)
to (4.8) and (1.5) we find (in the limit ε→ 0):
γ11 = −αs
∂
∂αs
β(αs), (4.16)
γL11 = α
2
s
∂2
∂α2s
β(αs), (4.17)
where (4.16) is in agreement with [3]. For γ0 we cannot give a closed formula but a three-
loop result. In the context of previous calculations [1, 2] we computed the contact term of
CGG0 , which equals Z0, up to three-loop level:
9
Z0 =
ng
16pi2
{
1
4ε
+
as
ε
(
17CA
32
−
5nfTF
24
)
+
a2s
ε
(
11
96
C2Aζ3 +
22351C2A
20736
−
7
24
CAnfTF ζ3 −
799CAnfTF
1296
+
1
4
CFnfTF ζ3 −
107
288
CFnfTF +
49n2fT
2
F
1296
)
+
as
ε2
(
nfTF
12
−
11CA
48
)
+
as
2
ε2
(
−
833C2A
1152
+
73
144
CAnfTF +
1
12
CFnfTF −
5
72
n2fT
2
F
)
+
as
2
ε3
(
121C2A
576
−
11
72
CAnfTF +
1
36
n2fT
2
F
)}
,
(4.18)
9Only the Adler function of CGG0 with the gauge group factors set to their QCD values was presented
explicitly in [1].
– 9 –
the full Wilson coefficient being
CGG0 = Z0 +
ng
16pi2
{
lµq
4
+
1
4
+as
(
11
48
CAl
2
µq +
73CAlµq
48
−
3CAζ3
4
+
485CA
192
−
1
12
l2µqnfTF −
7
12
lµqnfTF −
17nfTF
16
)
+a2s
(
121
576
C2Al
3
µq +
313
128
C2Al
2
µq −
55
32
C2Alµqζ3 +
37631C2Alµq
3456
−
2059
288
C2Aζ3 +
11
64
C2Aζ4 +
25
16
C2Aζ5 +
707201C2A
41472
−
11
72
CAl
3
µqnfTF −
85
48
CAl
2
µqnfTF −
1
8
CAlµqnfTF ζ3
−
6665
864
CAlµqnfTF +
169
144
CAnfTF ζ3 −
7
16
CAnfTF ζ4
−
7847
648
CAnfTF −
1
8
CF l
2
µqnfTF +
3
4
CF lµqnfTF ζ3
−
131
96
CF lµqnfTF +
41
24
CFnfTFζ3 +
3
8
CFnfTF ζ4
−
5281CFnfTF
1728
+
1
36
l3µqn
2
fT
2
F +
7
24
l2µqn
2
fT
2
F
+
127
108
lµqn
2
fT
2
F +
4715n2fT
2
F
2592
)}
,
(4.19)
which is known from [18],[19] and [6] for the special case of the gauge group factors replaced
by their QCD values. This leads to
γ0 =
ng
4
+
1
48
asng(51CA − 20nfTF )
+
a2sng
6912
(
C2A(2376ζ3 + 22351) − 16CAnfTF (378ζ3 + 799)
+8nfTF (648CF ζ3 − 963CF + 98nfTF )) .
(4.20)
5 Conclusions
I have presented a derivation of an additive counterterm ZL11O
B
1 needed to renormalize
the correlator of two scalar gluonic operators O1 using the path integral formalism and
extending the ideas of [3]. This counterterm explains and absorbs the divergences found in
the Wilson coefficient CGG1 in [1, 2]. A simple closed formula expressing Z
L
11 to all orders
through the QCD β-function was presented as well. Finally, the anomalous dimensions γ11
and γL11 for the correlator of two operators O1 were expressed through the QCD β-function
to all orders and the anomalous dimension γ0 was computed at three-loop order.
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